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Application of a Quantum Action Principle
to a Quantum Oscillator

Paul Brackent

Received July 31, 2000

A quantum action principle is presented and discussed. These ideas are then applied to
a specific physical example, the effect produced by an oscillator on another physical
system.

1. INTRODUCTION

In physical applications, one is often interested not in individual transition
probabilities, but rather in expectation values of a physical property for a specified
initial state, or mixture of states. The intention here is to consider, as an extended
example, one such problem, and in the process, exhibit the use of a particular quan-
tum action principle that has been briefly introduced by Schwinger (1960, 1962,
1970).

To begin with, as an extension of Hamilton’s principle in classical mechanics,
suppose the action functional for a given systeif{ 8]. Then the dynamical path
followed by the system in configuration space is that path about which general
variations produce only end point contributionsA®&,

to t
AS(CI= 5 [ L@, 40,0 dt= [Z oG — Hm] ,
1 s t
whereps and—H in ASare said to be conjugate to the varialdesindt, respec-
tively (Sudarshan and Mukunda, 1974).

Thus, the variatiom\ Sin the action receives contributions only from the end
points of the trajectoryC, and these contributions can be expressed in terms of
the total variationf\gs, andAt. This also leads directly to Hamilton’s differential
equations in the classical regime.
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The quantum version of this action principle avoids the use of functional
integration because it does not directly deal with the matrix elef2gnt) but with
8(2| 1), where the variations can be real or virtual. In this respect, the Schwinger
principle, as it is sometimes referred to, is analogous to and based on classical
variational principles, and leads to differential equations rather than to the solutions
of these equations.

Schwinger (1970) defines an operady;, in the following way,

521 1) = %<2|5W12|1>,

and for the moment, we write the quantum numbers of the states in this way. This
satisfies the following additivity property

W31 = W3, + §Whs.

From this, it follows that the additional properti&d/, = 0 andéW;, = —38Whq
hold. Using these basic properties, it follows that

i i [
1 (LI8Wa2[2) = 5(11 2) = 5(2 | D= _H<2|8W21|1>* = H<2|5W12|1>*,

that is
(L[6Wi2|2) = (2]6Wa1|1)™,

and is Hermitian. In these terms, one can generate a dynamical postulate. There
exists a special class of deformations for which the associated opefdiprare
obtained by appropriate variation of a single operator, the action operator.

We would now like to apply this to another elementary physical example
which was not treated in Bracken (1997), but has been introduced in Schwinger
(1961). Inthe process, it will be shown that one can write down an action principle
technique that is adapted to the physical question which concerns the calculation
of the expectation values of a physical property for a specified initial state and not
individual transition probabilities

(X(Q)oy, = Y (bt | ato)(@ta X|a ) @'ty | b'ta),

aa’

or more generally, a mixture of states.
The action principle asserts that

/. / i /
§(a'ty | b'ty) = H<at2

t2
8/ dt L b’t1>,
t

in which we take; > t;. This particular form may be thought of as corresponding
to the point of view in which states at different times can be compared by progress-
ing forward from earlier time. The complex conjugate form would correspond to
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tz
8/ dt L a’t2>.
th

Suppose that one can imagine that the two different senses of time can be thought of
as being determined by different dynamics. The transformation function analogous
to those above would correspond for the closed path to the action principle,

to ty
[ [ o)
t1 1

2. FORMULATION OF THE EXAMPLE

progressing from the later time

S(b/tl | a/t2> = —Iﬁ <b/t1

Ity | ty) = Iﬁ<t1

Consider an oscillator subjected to an arbitrary external force, described by
the Lagrangian operator

L=iy!(5) = ovly =¥k - vk, @

The complementary pair of non-Hermitian operatprsy are constructed from
Hermitianqg, p by using the definitions,

y=2"4q+ip), iy'=2""¥p+iq). 2
The equations of motion implied by the action principle are
d dyf s
i(d—)t/>—a)y=K, i (d—{)—wy' = K*. 3)

Solutions are given by

t
y(t) — efiw(tftg) y(t2) —ij dt/ efiw(tft’)K(t/), (4)
t

as well as its adjoint equation. Differentiating (4) with respedt twe obtain

t
d—y(t) = —iwe M Ry(t) —we | dt dVK(t) —iel K (t) e,
The forces that are encountered in the positive time sense are wkittét),
K (t) and in the reverse time directidd_(t), K* (t) with t; > t. The integral
in these cases must be taken along the appropriate path. Suppose thatstime
reached first in the time evolution froty then we must have from (4) that,

. t ) ,
y(t) =e 'Ry () —i [ dt e IR, (6)

t2
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and on the return segment

) ty ) , t ) ,
y_(t)=e "ty () —i | dt e UK () + i / dt’ e K _(t).
t

t2

Subtractingy, (t) from this, one obtains

t1 . , t . ,
y—(t) _ Y+(t) — —| </ dt/ eflw(tft)K+(t/) _ f dt/ elw(tt)KJ,_(t/))

to t
ty ) )
+i/ dt’ e DK _(t).
t
Substitutingt = t; and thert = t;, one obtains that
y-(t1) — y;+(t1) =0,

1 .
V_(t) — yi(t) = i /t dt d°CD(K_ — K.,) (). @)

Next, the transformation function referring to the lowest energy state of the
unperturbed oscillator can be constructed. This is characterized by

(Otaly" y(t2)[0tz) = O,
or equivalently, by the eigenvector equations
Y(t2) 1 0t2) =0, (Ot | yi(tz) = 0.

Clearly, the transformation function equals unitKif. = K_, so there is no
distinction between paths. The effect of independent changks iandK _ and
of K andK* must be determined using the action principle

8 (Otz | Ot2)"*

tl § Kj:
= _i<0t2 dt(ylsK, — yiSK_)} ‘0t2> .

ty
|: dt(Kiyy — KXy ) +
to t

The choice of initial state implies effective boundary conditions that supplement
the equations of motion, thys_(t;) — 0, yi(tz) — 0. Hence,

tl ) , ,
yrt) = —i [ dt e, (t — t)K (1), (8)

7]
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and
ty ) ) ty ) ,
y_(t)=—i | dt eI ) +i | dt eyt —t)K_t). (9)
tz t2

There is an adjoint equation that is obtained by interchanging-thebels. The
step functiony (t —t’) has been introduced which is 1tif-t’ > 0 and 0 when
t—t'< 0,aswellag)_(t —t’)whichis 1ift —t' < Oand 0 ift —t’ > 0. Thus,

1
Nt =t)+n-(t-t)=1 n.(0)=n(0)= >

Defining the matrices

_ K+(t) . Y aio(t-t) ’7+(t - t,) 0
K(t) = (K_(t)> ) IGO(t t) =€ ( -1 U—(t _ t/)) ! (10)
one can calculate that,

iK*(t)Go(t — t')K (1))

-t 0 Ko (t' .
=1IGOK0) (Mt—l k n-(t —t’)) <ng;> ey

—j et K (On4(t — t)KL(t)
—K*OKL )+ Kxt)n_(t —tK_(t) )"

One can then write the solution of the integrable differential expression for
(Ot, | Ot) K= in matrix form

t
(Ot, | Otp) K+ = exp[ —i [ dtdt K*{t)Golt — t’)K(t’):|. (12)
t
The second variation of this gives
t
—8k+8k (Ot | Ot2)k, [k=k-=0 =i [ dtdt sK*(t)Go(t —t)SK(t'). (12)

t
The results for any initial oscillator state can be derived. To do this, consider the
impulsive forces,
Ko@) =iy"s(t —t),  K*(t) = —iy"s(t —t). (13)

Thus, under the influence of these forces, the stilies and (Ot;| become at
t, + 0, the statesy”t,) and(y''t,|, which are right and left eigenvectors pft,)
andy’(ty). The transformation function for the closed time path, on taking into
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account arbitrary additional forces, can be expressed as

11 .
('t | y't)*s = exp[y* y' =y (‘ i [ dtdet (K. —K,) (t))

t2

tl )
+ < i f dt et (Kx — Ki)(t))y”
2

S [Fatar K*(t)Goft — t/)K(t’)]. (14)

t
Unperturbed oscillator energy states will be of interest here. These two de-
scriptions can be connected by considering the unperturbed oscillator transforma-
tion function

(vt 1 y't2) = (y" lexpl-i (1 — )y ylly"). (15)
Differentiating this with respect t, one obtains that

iait1 Yt y't) = (Y oy (t)y(t)ly't2) = wy” e 72y (y't | y'),
(16)
since,
y(t) = ey ty).
Integrating (16), we obtain the explicit expression,
(Yt y't) = exp[y" e ei7)y"]. (17)
The exponential can be expanded to give,

(yT'tl | y'ty) = exp[y’r'e—iw(tl—tz)y//] - i (yT—)ﬂ e—inw(tl—tz)w' (18)
n=0 “/m “/W

Suppose we are interested in the expectation values that refer to initiahstate
namely (nt, | nt;)¥+. The coefficient of ¥'y”)"/n! must be extracted from an
exponential of the form

v

B ey + vl (19)

exply"y +yla+ By +y] =)
ki

All the terms that contribute to the matrix element are contained in the diagonal
part of the sum

) 1 \/N\K ,
2 (y(k');z) (@B) exply’y” +v]
k=0 ’

1

= L[ ey 1+ s tap) + 4] (20)
2mi S
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and one takes a path so that the integral is given by

1 ds ¢ 1
2ni ) ST K

The calculation proceeds as follows

) (y]‘ //)k
o /— e exply’y’(seB)] = —/Z Sk+l (@B)

= K VKK
The quantitiesr, B, andy are obtalned by compairing with the expression for
('t | Y”tz)Ki
o [ Seenyassapiennt)
i’ //)

d T//
i [ S n Y s sty - R O e,

One obtains a much nicer form, however, by considering an initial mixture
of oscillator energy states for which théh state is assigned the probability

(1—ePoye e, (21)
These results are recovered in this way, ghe 0~* can be interpreted as a
temperature. Since,

L)Y e ™oLy
n=0

1 ds X
— _ @ Boy_—_ ¥ aS(1 _ aBo —1.—Bw —1: _
=(1-¢€ )Zni/ S e(l-e P’ +seFx) exp( eﬂw—1>'
One obtains, suppressifgon the matrix element,
(o)) = (| = expl-i [ dtdt K'(OGu(t KL (22

where,
iGy(t —t') =iGo(t —t') + (€ — 1) 'Go(t — tz)_Go(t2 — 1),

iGolt — to), = e ol ( _11) i Go(ty — t) = (1 1),
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Thus,
: o amio—t) (Mt =) 4+ (n)e —(n)y )
ot —t) =e ( 1y g t-t)+ ) @
where we have denoted,
1
(N)g = o 1 (24)

Since the elements @, are also given by unperturbed oscillator thermal expec-
tation values

: N (AYOYT )1 —(YT)Y())e
Gt 1) = <—(y(t)yT(t/))9 <(y(t)y*(t/))_>9> : (25)

and the notatiorin), is consistent with its identification gg'y)s.

The thermal forms can also be derived directly by solving the equations of
motion, in the manner used to fir{@t, | Ot,)¥=. On replacing the single diagonal
element

(Ot | Otz)"* = (Ot2|U |Ot2),

by the statistical average,

(1-e ") i et | nk)* = (1— e ) trlexp(-Boy'y)U],  (26)
n=0
we find the following relation,
y-(t2) = ey, (t2), (27)
instead of the effective initial conditioy (t,) = 0. This is obtained by combining
exp(-Bwy'y)y expBwy'y) = exp(Bw)y, (28)
with the property of the trace,
tr(exp(-Bwy'y)yU) = tr(expBw)y exp(-pwy'y)U)
= tr(exp(-poy'y)U exp(a)y).

We also have,

t _
Y_(t2) - yo(ty) = —i / dt d°C (K, — K_) (1). (29)

t
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Using (27) in (29), we obtain that,

o
Y4(t2) = — dt &K, — Ko) (1),

|
o —1 |,

Hence, to the previously determingd(t) is to be added the term

t1 .
i) / dt e (K, — K_) (1),
t2

and correspondingly,

1

(ta | to)p* = (ta | o)™ exp[ —(n)y [ dtdt(K: —K*)()

tz
x et K, — K_)(t’)}. (30)

As an easier example, let us evaluate the expectation value of the oscillator
energy at timd; for a system that was in thermal equilibrium at titaeand is
subsequently disturbed by an arbitrary time-varying force. This can be computed
as follows,

(toloyly(t)It2)f = (t2 112y [,k xomie- (D)

SK_(t1) K% (ta)

The variation with respect 85K (1) gives the factor

—i( tldtGg(tl—t’)K(t’)> ,
t2

+
The subsequent variation with respectto(t_) gives

—iGy(0)s— + (/dt K*(t)Gy(t —t1)>_ </dt’ Gg(tl—t/)K(t’))+. (32)

The required energy expectation value equals,

ty ) 2
dt 'K (t)| . (33)

t2

w{N)y + w

More generally, the expectation values of all functiong@f) andy’(t,) are
known by finding those of

expl—i (A (ta) + ry(t)],
and this quantity is obtained on supplementihgandK; by the impulsive forces,

Ki(t) =as(t —ta),  KE(t) = ud(t —ta), (34)
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then,

(to] expl=i (L' (tz) + 1y(t))]It2)

Il X
= exp[ —m(m)g + %) + ,\/ dt YK *(t)

t
tl .
-1 f dte e K(t)}, (35)
t2

where we use(0) = 1/2.

If probabilities for specific oscillator energy states are of interest, we have
only to exhibit as functions of andyt, the projection operators for these states,
the expectation values of which are the required probabilities. The operator

Pn = [n)(n],
is represented by the matrix
, RV AYAl L, , .
i 1Pty = Y ;’I = expyiy )yt 1y, (36)

and therefore,

1 2 (—1)¢ 1

Pn = m(yf)”[z Sl k,) (yT)"yk} Y= SN expi-yiy)y",
! — K !

in which we have introduced a notation to indicate the ordered multiplication of
operators. A convenient generating function for these projection operators is

> " a"Py = exp[-(1— )y';yl.
n=0

This can be written,

o0 a a i
§ P, = 1—a)—— —iny! i —y—0-
n:Oa n exp[( ) Y 8/Jexp( iAy") exp=ipmy)|i=p=o

Then,

Za“ p(n, 6, K)
n=0

:exp[(l—a){%%} exp[—m(n)9+ Ae““‘l/dté”’tK*(t)

—peieh / dt é‘“‘K(t):| , (37)

A=u=0



Application of a Quantum Action Principle to a Quantum Oscillator 1305

gives the probability of finding the oscillator in thth energy state after an arbitrary
time-varying force has acted, if it was initially in a thermal mixture of states.

To evaluate the quantity,

Jd 0
X = exp[(l - 05)8—)L @} exp[—Aiu(n) + Ay* — uy] lr=p=o

differentiateX with respect to/*, and with(n) = (n),, we have,

d a 9
—X=exp|(1l—a)—— |A exp[-Au{n) + Ay* — e
X = o] (=)o o explhua) ey

9 a7 0 .
=1—-a) exp[(l - a)ﬁ@}a expl-Au(n) + Ay* — uy] li=u=o0

— (@) exp| @=L |-hin - )

x expl=au(n) + Ay* — uy] li=u=o.
Using the Cambell-Baker—Hausdorf formula, one has that,

exp[(l — a);—A%}(—A(n) —-7) exp[ -(1- a)%%]

d
=(=An -y)-(1- a)(ﬂ)g.

Since,

d 0 0
(1-oa)exp [(1 - a)a@] o expl=Au(n) +1y* — uy] li=u=o
d0 0 X
= EXP[(l - “)a@]k expl=Au(n) + Ay* — uy] lizu=o = By

one obtains the following differential equation

aX X
5 =~ -a)yX—-(1—a)n)_—..
Y dy
This can be rewritten in the form
X 1-—
_ y(1—«) (38)

ay* 1+ m(l—a)

Solving this equation, one can write

_ Y o
X= o o] = Py
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where
1

1+ MmI—a)

Therefore, substitutingn) = (€*® — 1)~t into X,, we can write,
Xo=[1+E -0 -a))t=1-ef)1-ae )L

Thus the sum (37) is given by

Xo =

X 1—egPe 1—efe
"p(n, 0, K)= ——— exp| — lyP——"F1A—-0a)|,
> amp(n.0.K) = " exp| Iy 1)
where|y |2 = | [ dt €“'K(t)|%. On refering to the previously used Laguerre poly-
nomial sum formula, we obtain,

p(n, 6, K) = (1 — ) e exp[-|y|3(1 — e #*)] La[—4ly|? sint(Bw/2)].

In addition to describing the physical situation of initial thermal equilibrium,
this also provides a generating function for the individual transition probabilities
between oscillator energy states,

i p(n, n', K)e ("—mpe
n’'=0
= expl-|y1*(1 — e )] La[-(1 — e ") (" — 1)y |?].
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